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ABSTRACT
Gravitational interactions between a protoplanetary disk and its embedded planet is one of the
formation mechanisms of gaps and rings found in recent ALMA observations. To quantify the gap
properties measured in not only surface density but also rotational velocity profiles, we run two-
dimensional hydrodynamic simulations of protoplanetary disks by varying three parameters: the mass
ratio q of a planet to a central star, the ratio of the disk scale height hp to the orbital radius rp of the
planet, and the viscosity parameter α. We find the gap depth δΣ in the gas surface density depends
on a single dimensionless parameter K ≡ q2(hp/rp)−5α−1 as δΣ = (1 + 0.046K)−1, consistent with
the previous results of Kanagawa et al. (2015a). The gap depth δV in the rotational velocity is given
by δV = 0.007(hp/rp)K
1.38/(1 + 0.06K1.03). The gap width, in both surface density and rotational
velocity, has a minimum of about 4.7hp when the planet mass Mp is around the disk thermal mass
Mth, while it increases in a power-law fashion as Mp/Mth increases or decrease from unity. Such a
minimum in the gap width arises because spirals from sub-thermal planets have to propagate before
they shock the disk gas and open a gap. We compare our relations for the gap depth and width with
the previous results, and discuss their applicability to observations.
Keywords: hydrodynamics, protoplanetary disks, planet-disk interaction
1. INTRODUCTION
High resolution observations of protoplanetary disks
in the past decade have found diverse substructures in
the disks, including spiral arms (e.g., SAO 206462, Muto
et al. 2012; MWC758, Grady et al. 2013; HD 100453,
Wagner et al. 2015), large-scale asymmetries (e.g., HD
142527, Casassus et al. 2013; Oph IRS 48, van der Marel
et al. 2013), and gaps or rings (e.g., HL Tau, ALMA
Partnership et al. 2015, TW Hya: Andrews et al. 2016;
HD 163296, Isella et al. 2016; HD 169142, Fedele et al.
2017; AA Tau, Loomis et al. 2017; Elias 2-24, Cieza et
al. 2017; AS 209, Fedele et al. 2018; GY 91, Sheehan
& Eisner 2018; V1094 Scorpii, van Terwisga et al. 2018;
HD 143005, Bensity et al. 2018; HD 92945, Marino et
hangyeol@snu.ac.kr, wkim@astro.snu.ac.kr
jbae@carnegiescience.edu, cheongho@astroph.chungbuk.ac.kr,
al. 2019). Compared to other substructures in the disks,
gaps or rings are nearly axisymmetric and concentric.
While these substructures appear common in proto-
planetary disks, their physical origin has remained un-
certain. For gaps or rings, in particular, a number of
scenarios have been proposed as their formation mecha-
nisms. For example, fast pebble growth near the snow-
lines of abundant volatile molecules was proposed by
Zhang et al. (2015) to explain the observed gaps in HL
Tau. However, the presence of eccentric rings (Dong
et al. 2018a) and recent observations that gap locations
do not correspond to the snowlines of the most com-
mon species in many proptoplanetary disks (Long et al.
2018; Huang et al. 2018; van der Marel et al. 2019) sug-
gest that the snowline scenario is unlikely as a common
origin of multiple gaps. Other potential mechanisms in-
clude secular gravitational instability (Takahashi & In-
utsuka 2016), toroidal vortices induced by large-scale in-
stability (Lore´n-Aguilar & Bate 2016), self-induced dust
vortex (Gonzalez et al. 2015), disk winds (Suriano et
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al. 2017), zonal flow (Flock et al. 2015), and sintering-
induced piling-up of dust aggregates (Okuzumi et al.
2016). Although these mechanisms successfully produce
rings at the locations close the observed ring radii in
specific systems, it is unclear whether they can be ap-
plicable to all observed protoplanetary disks with gaps
(Huang et al. 2018).
Perhaps, the most natural and favored mechanism for
gaps/rings may be gravitational interactions between
the disk and its embedded planet(s) (Lin & Papaloizou
1979). Density wakes launched by the gravity of the
planet can transfer angular momentum from the regions
inside the planet orbit to the outside, making the gas
in the disk pushed away from the vicinity of the planet
(Goldreich & Tremaine 1980; Rafikov 2002). In fact, Bae
et al. (2018) showed that the disk-planet interactions
with differing parameters such as viscosity and dust dis-
tribution, etc. can create diverse morphology that in-
cludes a full disk, a transition disk with an inner cavity,
a disk with a single gap and a central continuum peak
and a disk with multiple gap and a central continuum
peak. Even a single planet can forms multiple gaps in a
low-viscosity disk (Dong et al. 2017; Bae et al. 2017), be-
cause secondary and tertiary spiral arms can also grow
enough to induce shocks across which gas loses its an-
gular momentum (see also Bae & Zhu 2018; Miranda &
Rafikov 2019).
The shape of a gap produced by a planet is determined
by the balance between the tidal torque density and the
viscous stress. In a disk with scale height hp and surface
density Σ around a protostar with mass M∗, the tidal
torque by a planet with mass Mp at orbital radius rp
is proportional to q2(hp/rp)
−3Σ with q ≡Mp/M∗ (e.g.,
Goldreich & Tremaine 1980; Papaloizou & Lin 1984),
while the viscous stress is proportional to the viscous
parameters α of Shakura & Sunayev (1973). It was
shown that the gap depth in the surface density can be
characterized by a single dimensionless parameter K ≡
q2(hp/rp)
−5α−1 (Duffell & MacFadyen 2013; Fung et al.
2014; Kanagawa et al. 2015a), while the gap width can
be described solely by K ′ ≡ K(hp/rp)2 (Kanagawa et al.
2016, 2017). These relations were applied to constrain
the masses of embedded planets in several systems such
as HL Tau (Kanagawa et al. 2015b, 2016), HD169142
(Kanagawa et al. 2015b), and HD 97048 (Ginski et al.
2016).
However, applying these relations for the gap depth
and width to observations requires a strict assumption
that the distribution of dust particles is well-matched
with that of gas (Kanagawa et al. 2015b). In reality, the
conversion of observed dust continuum to the gas sur-
face density is subject to many uncertainties surround-
ing dust-to-gas ratio, varying dust properties, and chem-
ical effects (Bergin et al. 2013; Miotello et al. 2017). To
directly measure the gap properties in dust continuum
profiles, Zhang et al. (2018) ran numerical simulations
by including dust particles and obtained the empirical
relations for the gap depth and width in terms of the
various dimensionless parameters. But, they were still
unable to incorporate dust evolution, feedback to the
gas, and the potential effects of streaming instability in
the simulations that may affect the gap properties sig-
nificantly.
One way to circumvent the uncertainties in the gap pa-
rameters measured from the gas surface density profiles
is to use the rotational velocity obtained from gas tracers
such as CO that directly probes the kinematic changes
in the gas disk induced by an embedded planet. Pe´rez et
al. (2015, 2018) showed that kinematic features includ-
ing circumplanetary disk and large-scale velocity pertur-
bations induced by a Jupiter-mass planet are observable
with the ALMA. In fact, Teague et al. (2018) and Kep-
pler et al. (2019) recently compared the observed rota-
tional velocity profiles with the numerical simulations
to infer the masses of planets in HD 163296 and PDS
70, respectively. Zhang et al. (2018) ran extensive nu-
merical simulations to find an empirical relation for the
amplitude of the perturbed rotational velocity as a com-
bination of q, hp/rp and α. Since the simulations were
run up to 103 planetary orbits, however, it is uncertain
whether the gaps in their models reach a steady state,
as they noted (see also Rosotti et al. 2016). In addition,
they found that the width of velocity gaps is roughly
4.4 times hp, insensitive to q and α, which needs to be
checked in long-term evolution.
In this paper, we run hydrodynamic simulations of
protoplanetary disks to systematically investigate the
gap properties in not only gas surface density profile
but also rotational velocity profile induced by an em-
bedded planet. We vary three parameters, q, hp/rp,
and α, in a wide range, and explore how the gap depth
and width depend on these parameters. Our work ex-
tends Zhang et al. (2018) by exploring a wider range of
the parameter space and by running the simulations 10
times longer than their models in order to achieve quasi-
steady configurations of the gaps. We also introduce a
new definition of the gap width in the surface density
and rotational velocity profiles and provide the physical
explanation for its dependence on the planet mass.
The rest of this paper is organized as follows. In Sec-
tion 2, we describe our simulation setups and model pa-
rameters. In Section 3, we present the gap properties in
the surface density rotation velocity profiles. We discuss
our results in Sections 4 and give our conclusions in 5.
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2. NUMERICAL METHOD
We consider a protoplanetary disk rotating at angular
frequency Ω about a central protostar with mass M∗.
The disk is assumed to be razor-thin along the verti-
cal direction, unmagnetized, and non-self-gravitating.
To study gravitational interactions between the disk
with an embedded planet with mass Mp, we run
two-dimensional (2D) hydrodynamic simulations us-
ing FARGO3D in cylindrical polar coordinates (r, φ)
(Masset 2000; Ben´ıtez-Llambay & Masset 2016). We
do not consider the effects of dust and planet migration
in the present work. The basic equations we solve are
∂Σ
∂t
+∇ · (Σv) = 0, (1)(
∂v
∂t
+ v · ∇v
)
= − 1
Σ
∇P −∇(Φ∗ + Φp)− 1
Σ
∇ ·Π,
(2)
where Σ is the surface density, v is the velocity, and
P ≡ c2sΣ is a vertically integrated gas pressure with
cs being the isothermal speed of sound. The pressure
scale height of the disk is given by h = cs/ΩK , where
ΩK = (GM∗/r3)1/2 is the angular velocity of Keplerian
rotation. In Equation (2), Φ∗ and Φp are the gravi-
tational potentials of the central star and the planet
located at r = rp, respectively, given by
Φ∗ = −GM∗|r| and Φp = −
GMp√|r− rp|2 + s2 , (3)
where s is the softening length taken equal to 0.6hp for
hp ≡ h(rp). The planet is set to follow the Keplerian
rotation with angular velocity Ωp ≡ ΩK(rp), without
undergoing migration. We ignore the indirect term aris-
ing from the motions of the central star relative to the
center of mass of the whole system, which are shown
to make insignificant differences on the gap properties
(Appendix A; see also Kanagawa et al. 2017)
The last term in Equation (2) represents the viscous
stress tensor
Π = νΣ
[
∇v + (∇v)T − 2
3
(∇ · v)I
]
, (4)
where ν is the kinematic viscosity and I is the iden-
tity matrix. We adopt an α-disk model of Shakura &
Sunayev (1973) with ν = αc2s/Ω, and vary α to control
the strength of the viscosity.
The density distribution of our initial disk follows a
power-law with an exponential cutoff:
Σ0(r) = Σ0(rp)
(
r
rp
)−m
exp
[
1−
(
r
rp
)2−m]
, (5)
corresponding to a quasi-equilibrium solution of viscous
disks (e.g., Lynden-Bell & Pringle 1974). The tempera-
ture profile T (r) is set to a simple power-law
T0(r) = T0(rp)
(
r
rp
)−n
, (6)
which remains unchanged over time in our simulations.
In this paper, we adopt m = 1 and n = 0.5. These ra-
dial density and temperature distributions describe the
observed protoplanetary disks reasonably well (e.g., An-
drews et al. 2009, 2010). We vary T0(rp) or hp to ex-
plore disks with differing temperature. In what follows,
the non-uniform disks refer to a power-law disk with
an exponential cutoff, in contrast to uniform disks with
constant density and temperature (e.g., Kanagawa et al.
2015a, 2016, 2017).
The initial rotational velocity vφ,0 of gas in equilib-
rium is very close to the Keplerian velocity (within ∼ 6%
of rΩK). Our simulation domain extends from r = 0.3rp
to r = 3rp in radius and from 0 to 2pi in azimuth. For
the boundary conditions, we adopt the wave-damping
zones at 0.3rp ≤ r ≤ 0.36rp and 2.7rp ≤ r ≤ 3.0rp,
which is known to prevent wave reflections at the bound-
aries (de Val-Borro et al. 2006). For simulations pre-
sented in this paper, we set up a non-uniform, logarith-
mically spaced cylindrical grid with Nr = 512 radial
zones and Nφ =1396 azimuthal zones. This makes the
zones almost square-shaped throughout the grid (i.e.,
r∆φ/∆r ≈ 1). The grid spacing adopted here results
from a compromise between computational cost and ac-
curacy. By running simulations with various resolution,
we checked that the results with Nr = 512 agrees with
those Nr = 1024 within ∼ 4%.
The fundamental dimensional units for length, time,
and mass are the orbital radius rp and orbital time
torb = 2pi/Ωp of the planet, and the mass of the central
star M∗. Then, Equations (1) and (2) in dimensionless
form depend only on three dimensionless parameters:
the mass ratio q ≡Mp/M∗, the disk aspect ratio hp/rp,
and the viscosity parameter α. We run a total of 72
simulations that differ in these three parameters. The
planet mass is varied in the range between 3×10−5 and
3× 10−3 relative to M∗, or between 0.3 and 9.0 relative
to the thermal mass M th ≡ M∗(hp/rp)3 (e.g., Good-
man & Rafikov 2001). We take 0.03, 0.05, 0.07, 0.10, 0.12
for hp/rp, and 3 × 10−4, 6 × 10−4, 1 × 10−3, 3 × 10−3
for the α parameter. All simulations are run up to
t = (104 + 102)torb. Table 1 in Appendix B lists the
model parameters and the measured gap properties.
3. SIMULATION RESULTS
An introduction of the gravitational potential of a
planet excites spiral waves in the disk that eventually de-
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Figure 1. Distributions of the perturbed density and azimuthal velocity for a model with q = 3 × 10−4 (or Mp/Mth = 0.87),
hp/rp = 0.07, and α = 1× 10−3. (a) Time-averaged distribution of Σ/Σ0 in the r–φ plane, with the planet location is marked
by a dark star symbol at r = rp and φ = 0. (b) Radial distribution of the azimuthally averaged quantity 〈Σ/Σ0〉, with ∆Σ
and δΣ illustrating the definitions of Kanagawa et al. (2015a, 2016) for the gap width and depth, respectively. (c) Radiation
distribution of the logarithmic gradient of 〈Σ/Σ0〉. The new gap width WΣ defined as the distance between the extrema of
d ln〈Σ/Σ0〉/d ln r is indicated. (d) Radial distribution of the perturbed rotational velocity. The dimensionless amplitude δV of
the perturbed velocity and the width WV of the perturbed regions are indicated.
velop into shocks. For a low-mass planet, perturbations
are weak so that they propagate radially away from the
planet before turning to shocks (Goodman & Rafikov
2001). When a planet is massive, however, the shock
formation occurs almost instantly near the planet loca-
tion. Almost inviscid disks with small α (. 10−4) may
produce up to three spiral shocks, while viscious disks
with large α considered here form only one spiral shock
(Bae et al. 2017). When the gas inside (outside) the
orbit of the planet experiences a spiral shock, it loses
(gains) angular momentum and thus moves inward (out-
ward) in the radial direction, producing a gap in the sur-
face density profile (Rafikov 2002). Similarly, the disk
rotation curve, which is initially close to Keplerian, is
also perturbed to become sub- and super-Keplerian in
the regions with r < rp and r > rp, respectively.
The disk reaches a quasi-steady equilibrium by
t ∼ 104torb (see Appendix C). To quantify the gap
properties, we select 11 snapshots from t = 104torb
to t = (104 + 102)torb, separated by a time inter-
val ∆t = 10torb, and take their time averages. We
then remove the disk material, within the distance
d = 2 max
[
hp, (Mp/3M∗)1/3
]
from the planet, that
belongs to the spiral shocks attached to the planet
rather than the gap (Fung et al. 2014). Figure 1 plots
the time-averaged distribution of the normalized sur-
face density Σ/Σ0 in the r–φ plane as well as the
radial distributions of 〈Σ/Σ0〉, d ln〈Σ/Σ0〉/d ln r, and
〈δv˜φ〉 = 〈(vφ−vφ,0)/vφ,0〉 for a model with q = 3×10−4
(or Mp/Mth = 0.87), hp/rp = 0.07, and α = 1 × 10−3.
Here, the angle brackets 〈 〉 denote the temporal and
azimuthal average. In what follows, we first present the
dependence on the input parameters of the gap depth
and width in the 〈Σ/Σ0〉 distributions. We then discuss
the depth and width in the perturbed velocity profiles.
3.1. Gap in Surface Density
Here we focus on the gap depth (δΣ) and the width
(∆Σ) in the surface density profiles and explore their
dependence on the combinations of the dimensionless
parameters q, hp/rp, and α.
3.1.1. Gap Depth
Kanagawa et al. (2015a) defined the gap depth in the
surface density as δΣ ≡ min〈Σ/Σ0〉, as illustrated in Fig-
ure 1(b). For disks with uniform density and temper-
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Figure 2. Gap depth δΣ, based on the definition of Kana-
gawa et al. (2015a), measured from our simulations as a
function of K ≡ q2(hp/rp)−5α−1. The solid line is our fit
(Equation (8)) for K < 103 to the numerical results for non-
uniform disks, while the dotted line draws Equation (7) for
uniform disks.
ature distributions, they showed that δΣ depends on q,
hp/rp, and α through a single dimensionless parameter
K ≡ q2(hp/rp)−5α−1. From the requirement that the
planet-induced gravitational torque balances the viscous
torque in the linear analysis, Kanagawa et al. (2015a)
derived the relation
δK15Σ ≈
1
1 + 0.040K
, (7)
consistent with the results of their numerical simulations
for uniform disks.
To explore how the gap depth depend on K in our
non-uniform disks, Figure 2 plots the measured δΣ as a
function of K for all models. We fit the data using a
functional form same as in Equation (7) but with a dif-
ferent coefficient. The solid line draws our least-square
fit
δΣ =
1
1 + 0.046K
, (8)
to the numerical results for K < 103.1 Equation (8)
is almost equal to Equation (7), shown as the dot-
ted line, and also to those reported by Duffell & Mac-
Fadyen (2013), Kanagawa et al. (2017), and Dong &
1 Note that δΣ actually measures the height of a density floor
from the bottom in the 〈Σ/Σ0〉 distribution. The real gap depth
relative to the unperturbed value is 1−δΣ = 0.046K/(1+0.046K).
Fung (2017). This suggests that the radial stratifica-
tion in the initial disks does not affect the gap depth
much. The small differences between Equation (8) (or
Equation (7)) and the numerical results at K & 103 for
hp/rp . 0.07 are likely due to the fact that gas responses
to such massive planets are highly nonlinear, so that the
linear theory of Kanagawa et al. (2015a) is not applica-
ble (see also Kanagawa et al. 2015a, 2017; Dong & Fung
2017).
3.1.2. Gap Width
Kanagawa et al. (2016) defined the gap width ∆Σ as
the radial distance between two points where 〈Σ/Σ0〉 =
k, with the threshold value of k = 1/2, and showed
empirically that ∆Σ depends on a single dimensionless
parameter K ′ ≡ (hp/rp)2K = q2(hp/rp)−3α−1 as
∆K16Σ
rp
= 0.41K ′1/4, (9)
for uniform disks (see also Kanagawa et al. 2017). Fig-
ure 3 plots ∆Σ measured in our models with non-uniform
disks as a functions of K ′. To fit the data, we use a func-
tional form same as in Equation (9) with power index
1/4 fixed, and allow a proportional coefficient to vary.
The solid line draws our least-square fit
∆Σ
rp
= 0.56K ′1/4, (10)
which overall gives a wider gap, by about a factor of
1.4, than Equation (9) plotted as the dotted line. The
discrepancies between ∆K16Σ and ∆Σ may arise from the
differences in the initial distributions of the disk surface
density and temperature.
Figure 3 shows that Equation (10) overestimates the
width at small K ′. This is expected since the gap width
tends to decreases drastically as min〈Σ/Σ0〉 approaches
the threshold value 1/2. In fact, the definition of Kana-
gawa et al. (2016) for the gap width cannot be applicable
for shallow gaps with min〈Σ/Σ0〉 > 1/2. Increasing the
threshold may alleviate this problem to some extent, but
at the expense of increasing the gap width.2 Still, using
a fixed threshold density in measuring a gap width is
somewhat arbitrary and cannot be applied to all possi-
ble gaps.
We thus introduce another definition of a gap width
WΣ, namely the radial distance between the points
2 For the threshold density 〈Σ/Σ0〉 = k, our numerical results
for non-uniform disks are fitted by ∆kΣ/rp = (0.76k+ 0.18)K
′1/4,
which can be compared with ∆K16,kΣ /rp = (0.50k+ 0.16)K
′1/4 of
Kanagawa et al. (2017) for uniform disks.
6 Yun et al.
10−2 10−1 100 101 102
K ′
10−1
100
∆
Σ
/r
p
hp/rp = 0.03
0.05
0.07
0.10
0.12
α = 3× 10−3
1× 10−3
6× 10−4
3× 10−4
Eq. (10)
Kanagawa et al. (2016)
Figure 3. Gap width ∆Σ, defined as the radial distance
between two points with 〈Σ/Σ0〉 = 1/2, as a function of
K′ ≡ q2(hp/Rp)−3α−1. The dotted and solid lines draw
Equations (9) and (10), respectively.
where d ln〈Σ/Σ0〉/d ln r achieves extremum values at
both sides of the planet location. The new definition
based on the radial gradient of the surface density is
motivated to relate the gap width in the surface density
to the width in the perturbed velocity profile (see Sec-
tion 3.2.2). We try to fit the measured WΣ using various
combinations of the input parameters, and find that it
is best described by the planet mass normalized by the
thermal mass.
Figure 4 plots WΣ/hp as a function of Mp/M th. Note
that the range of WΣ/hp is very narrow for the param-
eters we adopt, with WΣ ≈ 4.7hp on average. Still,
WΣ/hp depends weakly on the planet mass, such that it
increases as Mp/Mth decreases or increases from about
1.5. This is unlike ∆Σ which increase monotonically
with the planet mass. We fit the data using a linear
combination of two power laws in Mp/Mth with four
free parameters (two coefficients and two power indices).
Our least-square fit is
WΣ
hp
= 2.54
(
Mp
Mth
)−0.43
+ 2.16
(
Mp
Mth
)0.39
, (11)
plotted as a solid line on Figure 4. The effect of α on
WΣ is almost negligible compared to those of hp/rp and
Mp/Mth.
The dependence of WΣ on Mp can be understood in
terms of the shock formation distance. Since perturba-
tions induced by a low-mass planet are weak even in the
100 101
Mp/Mth
4
5
6
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W
Σ
/h
p
hp/rp = 0.03
0.05
0.07
0.10
0.12
α = 3× 10−3
1× 10−3
6× 10−4
3× 10−4
Eq. (11)
Figure 4. Gap width WΣ, defined as the radial distance
between two extrema in the d ln〈Σ/Σ0〉/d ln r curve, as a
function of Mp/M th. Note that WΣ/hp increases as Mp/Mth
increases or decreases from about 1.5. The solid line draws
our fit, Equation (11).
regions very close to the planet, they have to travel some
distance radially before undergoing nonlinear steepening
into shocks. Goodman & Rafikov (2001) showed that
the shock formation distance lsh from a planet is given
by
lsh
hp
≈ 0.93
(
γ + 1
12/5
Mp
Mth
)−2/5
, (12)
where γ is an adiabatic index. Note that the power-
law dependence of lsh on Mp/Mth is quite similar to
that of WΣ for Mp/Mth . 1 in Equation (11). When
Mp/Mth & 1, on the other hand, perturbations are al-
ready nonlinear over a range of radii from the planet
location, instantly forming shocks there (e.g., Dong et
al. 2011). In this case, the regions (i.e., gap) influenced
by shocks become wider for larger Mp.
To illustrate WΣ is associated with shocks, we calcu-
late the azimuthally-averaged potential vorticity defined
as
ζ =
〈 |∇ × v|
Σ
〉
. (13)
Strictly speaking, the potential vorticity in our simu-
lations is not a conserved quantity because the initial
disks are not barotropic, so that it is generated not
only by the shock fronts but non-vanishing baroclinic
terms. Since the potential vorticity induced by the
baroclinic terms is confined to the corotation regions,
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Figure 5. Radial variations of (a) the perturbed poten-
tial vorticity δζ/ζ0 relative to the initial value ζ0 and (b)
d ln〈Σ/Σ0〉/d ln r at t = 250torb for the models with differ-
ent mass Mp/Mth = 0.29 (brown) and 0.58 (blue), but with
the same hp/rp = 0.07 and α = 3 × 10−4. The vertical
dotted lines in (a) and (b) mark the extremum positions of
d ln〈Σ/Σ0〉/d ln r, which envelop the regions with significant
δζ/ζ0.
its change δζ ≡ ζ − ζ0 relative to the initial profile ζ0
away from the corotation is mostly caused by curved
shocks. Figure 5 plots the radial distributions of (a)
δζ/ζ0 and (b) d ln〈Σ/Σ0〉/d ln r at t = 250torb for the
models with differing Mp/Mth = 0.29, 0.58 but with the
same hp/rp = 0.07, and α = 3 × 10−4. Apparently, the
regions with substantial δζ/ζ0 are bounded by the radii
where d ln〈Σ/Σ0〉/d ln r attains its maximum or mini-
mum, marked by the vertical dotted lines. This is ob-
served for all simulation results which hints that WΣ for
Mp/Mth . 1 can be explained by the shock formation
distance.
Figure 1 hints that the extrema in the radial gradient
of 〈Σ/Σ0〉 occur near the bottom of a gap, making WΣ
smaller than ∆Σ with k = 0.5. Figure 6 compares WΣ
and ∆kΣ with differing threshold k = 0.1, 0.3, 0.5, 0.7. It
is apparent that ∆kΣ is larger for larger k. For most cases,
WΣ is smaller than ∆
k
Σ. Approximately, WΣ is similar
to ∆kΣ with k ∼ 0.3, indicating that WΣ measures the
width at the lower part of a gap.
3.2. Perturbed Rotational Velocity
The presence of a planet not only produces a gap in
the surface density profile but also induce significant dis-
10−1 100
∆kΣ/rp
10−1
100
2× 10−1
3× 10−1
4× 10−1
6× 10−1
W
Σ
/r
p
k = 0.7
k = 0.5
k = 0.3
k = 0.1
Figure 6. Comparison between WΣ and ∆
k
Σ with k = 0.1,
0.3, 0.5, and 0.7. The dashed line corresponds to ∆kΣ = WΣ.
tortion in the rotational velocity vφ. Figure 1(d) plots
the exemplary distribution of the azimuthally-averaged,
perturbed velocity 〈δv˜φ〉. Clearly, the radial profile
of 〈δv˜φ〉 is nearly anti-symmetric with respect to the
planet, with the regions inside (outside) the planet mov-
ing slower (faster) than the initial near-Keplerian speed.
In this subsection, we quantify the amplitude and width
of the perturbed rotational velocity, which rapidly reach
a quasi-steady state within t ∼ 103torb (Appendix C).
3.2.1. Amplitude of Perturbed Velocity
We define the dimensionless amplitude, δV , of the per-
turbed rotational velocity as the difference in 〈δv˜φ〉 be-
tween the super-Keplerian peak formed near the outer
gap edge and the sub-Keplerian peak near the inner gap
edge, as illustrated in Figure 1(d). We measure δV for
all models and plot δV (hp/rp)
−1 as a function of K in
Figure 7. Apparently, the perturbed velocity is larger for
a more massive planet in a colder and less diffusive disk.
We try to fit δV (hp/rp)
−1 using an inverse of a linear
combination of two power laws in K with four free pa-
rameters. The solid line draws the resulting least-square
fit
δV =
(
hp
rp
)
0.007K1.38
1 + 0.06K1.03
, (14)
which is within 18% of the all measured δV . This pre-
dicts δV ∝ q0.7(hp/rp)−0.75α−0.35 for K  1.
The dependence of δV on hp/rp and K in Equation
(14) results from the fact that the gaps are in hydrostatic
8 Yun et al.
101 102 103 104
K
10−1
100
δ V
(h
p
/r
p
)−
1
hp/rp = 0.03
0.05
0.07
0.10
0.12
α = 3× 10−3
1× 10−3
6× 10−4
3× 10−4
Eq. (14)
Figure 7. Relationship between δV (hp/Rp)
−1 and K for all
models. The solid line draws our fit (Equation (14)).
equilibrium. In a quasi-steady state, the force balance
in the radial direction reads
v2φ
r
=
GM∗
r2
+
1
Σ
dP
dr
, (15)
or
v2φ = v
2
φ,0 + c
2
s
d ln(Σ/Σ0)
d ln r
. (16)
Since the pressures gradient is negative (positive) near
the inner (outer) edge of the gap, the gas there should
rotate slower (faster) than the initial velocity in order
to maintain an equilibrium (e.g., Teague et al. 2018).
Assuming that the perturbed velocity is much smaller
than the initial rotation velocity and that cs is radially
constant, one can show that Equation (16) reduces to
〈δv˜φ〉 ≈ 1
2
(
hp
rp
)2
d ln〈Σ/Σ0〉
d ln r
. (17)
We numerically confirm that Equation (17) holds within
20% for all models, as evidenced by Figure 1(c) and (d).
The deviation becomes larger as the radial range influ-
enced by the planet increases, so that the radial depen-
dence of cs becomes non-negligible. This proves that the
gap width WΣ determined by the extremum positions of
d ln〈Σ/Σ0〉/d ln r traces the sub/super-Keplerian peaks
in the velocity profile.
Under the assumption that the d ln〈Σ/Σ0〉/dr profile
is anti-symmetric with respect to the planet, Equation
(17) gives
δV ∼
(
hp
rp
)2 ∣∣∣∣d ln〈Σ/Σ0〉d ln r
∣∣∣∣
peak
. (18)
10−2 10−1 100
Kvr ≡ q(hp/rp)−1.27α−0.41
10−2
10−1
δ V
hp/rp = 0.03
0.05
0.07
0.10
0.12
α = 3× 10−3
1× 10−3
6× 10−4
3× 10−4
Eq. (19)
Figure 8. Normalized amplitude δV of the perturbed
velocities from our simulations as a function of Kvr ≡
q(hp/rp)
−1.27α−0.41 introduced by Zhang et al. (2018). The
dotted line draws Equation (19), the result of Zhang et al.
(2018) in disks without an exponential density cutoff.
There is no obvious way to calculate d ln〈Σ/Σ0〉/d ln r
at the sub- and super-Keperian peak positions, but it
should be related to the gap depth and width, and scale
dimensionally as ∝ rp(1− δΣ)/WΣ.3 Since δΣ is a func-
tion of K (Figure 2 and Equation 8) and WΣ ∼ 4.7hp
(Figure 4), Equation (18) indicates that δV /(hp/rp)
should be well described by the K parameter alone, con-
sistent with Figure 7.
Zhang et al. (2018) also studied the dependence on
the disk parameters of the amplitude of perturbed ve-
locities by using disk models similar to ours but without
the exponential cutoff in the initial density distribution
(Equation 5). They found that the amplitude of the
sub/super-Keplerian peaks in the velocity profile is well
fitted by
δV = 0.11K
0.80
vr , (19)
where Kvr ≡ q(hp/rp)−1.27α−0.41. Figure 8 plots δV
measured from our simulations as a function ofKvr . Our
measured δV agrees, mostly within 30%, with Equation
(19) plotted as a dotted line, with a small discrepancy
between the two caused most likely by the difference in
the initial density distribution.
3 We empirically find |d ln〈Σ/Σ0〉/d ln r|peak ∼ 2.45rp(1 −
δΣ)
1.4/WΣ for small K.
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Figure 9. Dependence on Mp/Mth of the normalized width
WV /hp of the regions with significant perturbed velocities.
Note that WV increases as Mp/Mth decreases or increases
from ∼ 1.5. The solid line is our fit (Equation 20), while the
dashed line draws Equation (11) for WΣ/hp.
3.2.2. Width of Perturbed Regions
We define the width, WV , of the regions with signifi-
cant perturbed velocities as the radial distance between
the super- and sub-Keplerian peaks in the 〈v˜φ〉 profile,
as indicated in Figure 1(d). As mentioned above, WV
would be similar to WΣ if the disks have constant tem-
perature, but the non-uniform temperature distribution
makes them slightly different from each other. Figure
9 plots WV /hp as a function of Mp/Mth. Similarly to
WΣ/hp, we fit the numerical results for WV /hp using a
linear combination of two power laws in Mp/Mth with
four free parameters. Our least-square fit is
WV
hp
= 2.66
(
Mp
Mth
)−0.41
+ 2.04
(
Mp
Mth
)0.42
, (20)
plotted as a solid line. For comparison, we overplot
Equation (11) for WΣ/hp as a dashed line, which is very
close to Equation (20), suggesting that Equation 17 is a
good approximation. As in WΣ, the range of WV is very
narrow for the parameters adopted, with WV ≈ 4.7hp on
average. This is in agreement with Zhang et al. (2018)
who found WV ≈ 4.4hp. Again, WV follows a power
law for Mp/Mth < 1, with an index very close to −0.4,
suggesting that the width of the perturbed regions is de-
termined by the shock formation distance for a low-mass
planet.
4. DISCUSSION
So far, we have provided the quantitative dependence
on the input parameters of the gap depth δΣ and width
∆Σ or WΣ in the perturbed density profile as well as the
amplitude δV and spatial range WV of the perturbed
velocities. Most observations with ALMA trace dust
rather than gas in the disks, while the gap parameters
measured in the present work are for the surface den-
sity and velocity distributions in the gaseous component.
One thus needs to convert dust-continuum emissions to
surface density maps to obtain δΣ and ∆Σ (Dong & Fung
2017), but the conversion process can easily be affected
by the dust-to-gas ratio, dust properties, chemical ef-
fects, etc., which are quite uncertain (Bergin et al. 2013;
Miotello et al. 2017). However, δV and WV are rela-
tively free of the conversion problem because one can
directly measure the perturbed rotational velocities in
the gaseous disks (Pinte et al. 2018; Teague et al. 2018).
Still, the relations presented in the preceding section
are based on the 2D simulations, while observed rota-
tional velocities are derived at the emission surface of
a certain tracer, which is typically above the disk mid-
plane. To estimate the effects of the vertical disk strati-
fication, we follow Dartois et al. (2003) and Andrews et
al. (2012) to consider a thermally-stratified, axisymmet-
ric disk in the r–z plane with temperature distribution
T (r, z) =

Ta, for z ≥ zq,
Ta + (T0 − Ta) cos4
(
piz
2zq
)
, for z < zq,
(21)
where T0(r) is the midplane temperature (Equation 6)
and Ta(r) is the temperature of the disk atmosphere
at z ≥ zq ≡ 3h(r). We consider three models with
Ta = nT0 for n = 1, 2, and 3: n = 1 corresponds to an
isothermal disk in z.
The condition of hydrostatic equilibrium along the z-
direction requires that the mass density ρ obeys
ρ(r, z)
ρ(r, 0)
=
c2s(r, 0)
c2s(r, z)
exp
[
−
∫ z
0
1
c2s
GM∗z′
(r2 + z′2)3/2
dz′
]
.
(22)
The force balance along the radial direction (cf. Equa-
tion 15) allows us to calculate the equilibrium rotational
velocity vφ(r, z) in the r–z plane.
The left panels of Figure 10 plot the logarithm of
the mass density in the r–z plane of the stratified disk
models for Ta/T0 = 1, 2, 3 from top to bottom. The
case with hp/rp = 0.05, Mp/M∗ = 5 × 10−4, and
α = 1.0×10−3 is chosen. The right panels plot the radial
distribution of 〈δv˜φ〉 at certain heights z = hp, 2hp, 3hp
in comparison with the 2D results (i.e., at z = 0). Note
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Figure 10. (left) Distributions in the r–z plane of the gas density in vertically stratified disks with Ta/T0 = 1, 2, 3 from top
to bottom, for the model with hp/rp = 0.05, Mp/M∗ = 5 × 10−4, and α = 1.0 × 10−3. (right) Perturbed rotational velocities
normalized to the initial velocities 〈δv˜φ〉 at z/hp = 0 (black), 1 (red), 2 (green), and 3 (blue). While the width WV is almost
unchanged with z, the amplitude δV becomes larger for larger z and Ta/T0 to maintain a hydrostatic equilibrium in the radial
direction.
that the width WV of the perturbed regions is almost
independent of z. However, the amplitude δV of the per-
turbed velocity is boosted significantly as z increases in
a thermally-stratified disk, and the amount of the boost
is proportional to Ta/T0 through the pressure gradient
in the radial direction. This suggests that the 2D re-
sults may not be applicable to optically-thick disks for
which emission comes from high-z regions. In this case,
it is desirable to run three-dimensional simulations with
radiation transfer included in order to incorporate the
vertical temperature distribution as well as gas mixing
induced by a planet.
With the caveat that our empirical relations are based
on simulations with a single planet, we apply our em-
pirical results to the observed rotational velocity of the
C18O(2-1) emission from the HD 163296 disk presented
by Teague et al. (2018). Because the inner regions
of the disk suffer from insufficient spatial resolution in
precisely measuring the rotational velocity (Teague et
al. 2018), we focus on the outer two gaps. By using
the disk temperature model of Flaherty et al. (2017),
α = 10−3 and assuming that C18O traces z/r ∼ 0.15
(Teague et al. 2018), the observed gap depth corre-
sponds to δV ∼ 0.020 and ∼ 0.034 for the middle and
outermost gaps at r = 100 AU and 165 AU, respec-
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tively.4 Our empirical relation, Equation (14), then
gives Mp ∼ 0.38–0.52MJ and ∼ 0.76–1.11MJ allow-
ing for 18% uncertainties, respectively, for middle and
outermost gaps, where MJ is the Jupiter mass. We can
also place constraints on the planet mass using the ob-
served gap width in rotation velocities. For the middle
gap at 100 AU, we obtain WV /hp = 4.4 for the observed
width WV ∼ 25 AU and hp/rp ∼ 0.057. This suggests
that the planet mass could be close to the thermal mass
(Mth = 0.42MJ), consistent with the above estimate
using the gap depth relation, although we should point
out that WV /hp = 4.4 is smaller than the minimum
of our best fit (4.7; Equation 20). We conjecture that
this is presumably because the interaction between mul-
tiple planets could have modified the gap shape; for the
middle gap in particular, it is quite possible that the
gap could become narrower than otherwise, as the disk
gas is pushed by both inner and outer planets. For the
outer gap at 165 AU, the outer δv peak location cannot
be well defined in the observations because the signal-
to-noise ratio of the CO data drops in the outer disk (see
Figure 5 of Teague et al. 2018). Depending on the exact
peak location, the gap width ranges from 55 AU to 75
AU, which correspond to WV /hp = 4.8–6.6. Because
this covers a broad range of planet mass (Figure 9), we
cannot make a meaningful estimate based on the data
presented in Teague et al. (2018).
It is worth noting that the above inferred planet
masses have to be regarded as a lower limit to the actual
planet mass, because the observed rotation velocity de-
viations are smoothed with a synthesized ALMA beam
and thus have to be smaller than the intrinsic values. In
Teague et al. (2018), they obtained simulated CO rota-
tion velocities by convolving the raw velocity field from a
two-dimensional planet-disk interaction simulation with
a synthesized ALMA beam (0.26′′× 0.18′′). Taking into
the beam convolution account, they needed 1.0 and 1.3
MJ planets to reproduce the observation, a factor of 2.3
and 1.5 larger than our estimates, respectively. These
discrepancies between the planet mass with and with-
out beam convolution suggest that one should be careful
when applying our relation for δV directly to observa-
tions.
As a measure of gap width in real observations, Zhang
et al. (2018) suggested the width ∆Z18Σ normalized by
the location of the outer gap edge instead of the planet
position rp since the latter is hardly constrained obser-
4 These gap locations are based on the pre-Gaia distance of
122 pc to HD 163296 (van den Ancker et al. 1997). The cor-
responding Gaia distance is 101.5 pc (Gaia Collaboration et al.
2018).
vationally. Assuming that the density gap is symmetric
with respect to the planet, one can express ∆Z18Σ in terms
of ∆Σ as
∆Z18Σ ≈
∆Σ/rp
1 + ∆Σ/(2rp)
, (23)
and a similar expression for the spatial width of the re-
gions with significant velocity perturbations. Using our
simulations, we check that Equation (23) is accurate
within 8%, suggesting that the 〈Σ/Σ0〉 is nearly sym-
metric relative to the planet.
In this paper, we have explored various gap proper-
ties produced by planets using simple numerical simula-
tions. There are certainly many caveats that need to be
improved in future studies. Our models consider only
gaseous disks and neglect the effects of dust. A dust-
gas mixture is prone to streaming instability (Youdin &
Goodman 2005) and the gap structure can be altered by
the frictional feedback of dust when a sufficient amount
of dust is trapped at the edge of the gap (Kanagawa et
al. 2018). In addition, our simulations do not allow for
planet migration by taking a fixed circular orbit. Nazari
et al. (2019) showed that the number and shape of gaps
depend on the migration speed of a planet and the drift
speed of dust. Also, increasing an inclination angle of
the planet orbit relative to the disk midplane tends to
make a gap shallower (Zhu 2018).
Our models adopt viscous disks with α ≥ 3×10−4, so
that we are unable to explore multiple gaps launched by
a single planet commonly found in low viscosity disks
with α < 10−4 (Dong et al. 2017; Bae et al. 2017). A
number of studies investigated the spacing, depth, and
number of gaps (Dong et al. 2018b; Zhang et al. 2018),
but other gap parameters such as the gap depth in the
surface profile and the properties of the associated veloc-
ity have yet to be explored for multiple gaps. Compar-
ison of the properties between primary and secondary
gaps would help distinguish whether observed multiple
gaps are launched by a single or multiple planets.
Finally, our simulations do not include the effects of
magnetic fields that may be pervasive in protoplanetary
disks. Previous work that ran magnetohydrodynamic
simulations of protoplanetary disks reported that gap
structure can be changed considerably by magnetic fields
(Winters et al. 2003; Nelson & Papaloizou 2003; Uribe
et al. 2011; Zhu et al. 2013). The presence of magnetic
fields tends to make gaps wider compared to unmagne-
tized counterparts, there is no consensus on the effect of
magnetic fields on the gap depth. For instance, Winters
et al. (2003) with toroidal fields reported that turbu-
lence driven by magnetorotational instability makes the
gaps shallower, while Nelson & Papaloizou (2003) and
Zhu et al. (2013) with initial poloidal fields found tur-
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bulence makes the gaps deeper that the hydrodynamic
cases. It is uncertain whether the discrepancies in the
results with magnetic fields are due to filed geometry,
disk structure, numerical methods, or resolution. This
issue will be addressed by comparing the results of sim-
ulations in which one one parameter is varied, while the
other parameters are fixed.
5. SUMMARY
We run 2D hydrodynamic simulations of protoplane-
tary disks with an embedded planet to study the prop-
erties of gaps in the surface density profile and the per-
turbed rotational velocity induced by the planet. We
assume that the disks are razor thin, locally isothermal,
unmagnetized, non-self-gravitating, and non-uniform in
the radial direction. To investigate various situations,
we vary the mass ratio q = Mp/M∗ of a planet to a cen-
tral star, the ratio hp/rp of the disk scale height to the
orbital radius of the planet, and the viscosity parameter
α. We measure the gap depth and width in the surface
density and velocity profiles after t = 104torb when a
system reaches a quasi-steady state, and fit them using
various combinations of the input parameters. Our main
results can be summarized as follows.
1. The gap depth δΣ in the surface density profile
in our non-uniform disks is well described by the
K = q2(hp/rp)
−5α−1 parameter introduced by
Kanagawa et al. (2015a) as δΣ = (1 + 0.046K)
−1
(see Equation 8 and Figure 2), which is very close
to the well-known relation δΣ ≈ (1 + 0.04K)−1 of
Kanagawa et al. (2015a) for uniform disks.
2. The gap width ∆Σ defined as the radial distance
between two points with 〈Σ/Σ0〉 = 1/2 behaves
as ∆Σ/rp = 0.56K
′ (see Equation 10 and Fig-
ure 3), where K ′ = q2(hp/rp)−3α−1 is a dimen-
sionless parameter introduced by Kanagawa et al.
(2016). Gaps in our non-uniform disks are wider
than those in uniform disks by a factor of ∼ 1.4.
3. An alternative gap width WΣ based on the ra-
dial gradient of the surface density profile has
a minimum WΣ ≈ 4.7hp at Mp ∼ Mth, while
depending weakly on Mp/Mth as WΣ/hp =
2.54(Mp/Mth)
−0.43 + 2.16(Mp/Mth)0.39, with Mth
being the thermal mass (see Equation 11 and
Figure 4). The power-law dependence of WΣ on
Mp/Mth < 1 suggests that the gap formation in-
volves nonlinear steepening of perturbations into
shocks for low-mass planets.
4. The dimensionless amplitude of the perturbed ro-
tational velocity δV , defined as the difference be-
tween the positive peak and the negative peak
in the 〈(vφ − vφ,0)/vφ,0〉 profile can be parame-
terized by K as δV (hp/rp)
−1 = 0.007K1.38/(1 +
0.06K1.03) (see Equation 14 and Figure 7). The
perturbed rotational velocity is directly related to
the radial gradient of the surface density profile
via Equation (17).
5. Similarly to WΣ, the spatial width WV of the
regions with significant velocity perturbations is
minimized to WV ≈ 4.7hp at Mp/Mth ∼ 1,
and depends weakly on Mp/Mth as WV /hp =
2.66(Mp/Mth)
−0.41 +2.04(Mp/Mth)0.42 (see Equa-
tion 20 and Figure 9). This suggests that the
width of the perturbed regions is determined by
the shock formation distance for a low-mass planet
with Mp/Mth < 1.
These parameterized gap properties can be applied to
observations to infer the planet mass and orbital radius
as well as the disk properties that are difficult to con-
strain observationally, for gaps produced by planets.
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APPENDIX
A. EFFECTS OF THE INDIRECT TERM
To illustrate the effects of the indirect term (Φi ≡ GMpr cos(φ− φp)/r2p) arising from the motion of the central star
relative to the center of mass, we run a simulation for hp/rp = 0.07, α = 1 × 10−3 and Mp = 0.4MJ by including
the indirect term in the momentum equations. Figure 11 compares the radial distributions of the normalized surface
density 〈Σ/Σ0〉 and the normalized perturbed velocity 〈δv˜φ〉 averaged over the azimuthal direction and time t = 104–
10100torb between the cases with and without the indirect term. The indirect term make almost negligible (less than
1%) changes to the gap profiles, consistent with the results of Kanagawa et al. (2017) that the indirect term do not
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Figure 11. Radial distributions of (left) 〈Σ/Σ0〉 and (right) 〈δv˜φ〉 for hp/rp = 0.07, α = 1× 10−3 and Mp = 0.4MJ . The blue
and red lines correspond to the cases with and without the indirect term, respectively. The lower panels draw the differences
between the two cases.
significantly contribute to the angular momentum flux of waves generated by a planet. This confirms that one can
ignore the indirect term in measuring the gap properties.
B. MODEL PARAMETERS AND MEASURED GAP PROPERTIES
Table 1 lists the model parameters and gap properties measured from the radial distributions of 〈Σ/Σ0〉 and 〈δv˜φ〉 =
〈(vφ − vφ,0)/vφ,0〉 averaged over the azimuthal direction and over t = 10000torb–10100torb. Columns (1)–(3) give the
disk aspect ratio hp/rp, viscosity parameter α, and mass ratio q = Mp/M∗, respectively. Columns (4)–(6) give the
depth δΣ from the bottom in the 〈Σ/Σ0〉 distribution, width ∆Σ defined by the radial distance between two points
where 〈Σ/Σ0〉 = 0.5, and width WΣ defined by the distance between minimum and maximum points in the d〈Σ/Σ0〉/dr
distribution. Columns (7) and (8) give the depth δV and width width WV defined by the difference in 〈δv˜φ〉 and the
radial distance between the super- and sub-Keplerian peaks. All quantities are dimensionless.
Table 1. Model Parameters and Simulation Outcomes
hp/rp α q δΣ ∆Σ/rp
a WΣ/rp δV WV /rp
(1) (2) (3) (4) (5) (6) (7) (8)
0.03
1×10−3
3.0×10−5 3.99×10−1 0.121 0.144 9.37×10−3 0.144
4.0×10−5 2.87×10−1 0.157 0.144 1.32×10−2 0.144
6.0×10−5 1.63×10−1 0.201 0.153 1.91×10−2 0.149
8.0×10−5 9.72×10−2 0.232 0.153 2.41×10−2 0.153
1.0×10−4 5.91×10−2 0.263 0.158 2.86×10−2 0.158
2.0×10−4 5.75×10−3 0.428 0.167 4.79×10−2 0.167
3×10−3
3.0×10−5 5.77×10−1 – 0.144 4.16×10−3 0.135
4.0×10−5 4.76×10−1 0.078 0.144 6.40×10−3 0.144
6.0×10−5 3.35×10−1 0.152 0.153 1.02×10−2 0.153
8.0×10−5 2.42×10−1 0.188 0.162 1.35×10−2 0.162
Table 1 continued
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Table 1 (continued)
hp/rp α q δΣ ∆Σ/rp
a WΣ/rp δV WV /rp
(1) (2) (3) (4) (5) (6) (7) (8)
1.0×10−4 1.76×10−1 0.224 0.171 1.66×10−2 0.171
2.0×10−4 3.84×10−2 0.337 0.189 3.01×10−2 0.189
0.05
1×10−3
1.0×10−4 3.84×10−1 0.234 0.238 1.36×10−2 0.238
2.0×10−4 1.51×10−1 0.368 0.238 3.05×10−2 0.234
3.0×10−4 7.24×10−2 0.455 0.248 4.20×10−2 0.239
4.0×10−4 3.71×10−2 0.543 0.248 5.18×10−2 0.248
5.0×10−4 1.96×10−2 0.636 0.253 6.09×10−2 0.253
8.0×10−4 3.06×10−3 0.889 0.272 8.35×10−2 0.270
1.0×10−3 6.58×10−4 1.088 0.271 9.59×10−2 0.284
3×10−3
1.0×10−4 5.63×10−1 – 0.234 6.11×10−3 0.234
2.0×10−4 3.13×10−1 0.267 0.252 1.70×10−2 0.244
4.0×10−4 1.24×10−1 0.415 0.270 3.25×10−2 0.262
8.0×10−4 2.33×10−2 0.640 0.284 5.71×10−2 0.286
1.0×10−3 1.06×10−2 0.742 0.294 6.61×10−2 0.297
0.07
3×10−4
2.0×10−4 2.61×10−1 0.414 0.349 3.16×10−2 0.345
4.0×10−4 8.27×10−2 0.541 0.324 6.17×10−2 0.329
6.0×10−4 3.39×10−2 0.645 0.330 8.00×10−2 0.326
1.0×10−3 7.37×10−3 0.882 0.335 1.06×10−1 0.338
6×10−4
2.0×10−4 3.53×10−1 0.369 0.349 2.10×10−2 0.354
5.0×10−4 8.81×10−2 0.568 0.325 5.65×10−2 0.330
1.0×10−3 1.72×10−2 0.800 0.339 8.97×10−2 0.341
1×10−3
1.0×10−4 6.79×10−1 – 0.386 4.21×10−3 0.386
2.0×10−4 4.29×10−1 0.278 0.332 1.53×10−2 0.332
3.0×10−4 2.71×10−1 0.408 0.324 2.80×10−2 0.324
4.0×10−4 1.82×10−1 0.469 0.324 3.89×10−2 0.324
6.0×10−4 9.22×10−2 0.563 0.329 5.50×10−2 0.335
8.0×10−4 5.10×10−2 0.649 0.335 6.75×10−2 0.336
1.0×10−3 2.96×10−2 0.728 0.339 7.83×10−2 0.343
2.0×10−3 2.80×10−3 1.148 0.385 1.19×10−1 0.382
3.0×10−3 1.36×10−3 1.649 0.451 1.39×10−1 0.455
0.10
3×10−4
3.0×10−4 4.74×10−1 0.244 0.541 2.19×10−2 0.546
4.0×10−4 3.40×10−1 0.496 0.517 3.48×10−2 0.510
5.0×10−4 2.49×10−1 0.583 0.493 4.75×10−2 0.496
6.0×10−4 1.90×10−1 0.620 0.485 5.92×10−2 0.485
8.0×10−4 1.24×10−1 0.675 0.469 7.74×10−2 0.470
1.0×10−3 8.68×10−2 0.712 0.463 9.00×10−2 0.463
2.0×10−3 1.82×10−2 0.865 0.432 1.35×10−1 0.433
3.0×10−3 7.95×10−3 0.991 0.488 1.62×10−1 0.496
6×10−4 3.0×10
−4 5.73×10−1 – 0.560 1.35×10−2 0.565
6.0×10−4 2.86×10−1 0.558 0.485 4.12×10−2 0.485
Table 1 continued
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Table 1 (continued)
hp/rp α q δΣ ∆Σ/rp
a WΣ/rp δV WV /rp
(1) (2) (3) (4) (5) (6) (7) (8)
1.0×10−3 1.42×10−1 0.676 0.474 7.15×10−2 0.470
2.0×10−3 3.84×10−2 0.813 0.458 1.13×10−1 0.453
1×10−3
3.0×10−4 6.42×10−1 – 0.591 9.33×10−3 0.583
4.0×10−4 5.40×10−1 – 0.529 1.56×10−2 0.528
5.0×10−4 4.49×10−1 0.349 0.509 2.28×10−2 0.503
6.0×10−4 3.74×10−1 0.470 0.491 3.02×10−2 0.496
8.0×10−4 2.68×10−1 0.565 0.478 4.46×10−2 0.478
1.0×10−3 2.00×10−1 0.620 0.478 5.69×10−2 0.470
1.5×10−3 1.08×10−1 0.707 0.466 8.03×10−2 0.472
2.0×10−3 6.25×10−2 0.767 0.468 9.78×10−2 0.467
2.5×10−3 3.85×10−2 0.826 0.471 1.13×10−1 0.476
3.0×10−3 2.44×10−2 0.885 0.478 1.26×10−1 0.486
0.12
6×10−4
8.0×10−4 3.55×10−1 0.573 0.627 3.96×10−2 0.620
1.0×10−3 2.68×10−1 0.676 0.603 5.39×10−2 0.595
1.5×10−3 1.55×10−1 0.782 0.578 8.31×10−2 0.578
2.0×10−3 1.05×10−1 0.841 0.568 1.01×10−1 0.568
1×10−3
8.0×10−4 4.52×10−1 0.381 0.633 2.85×10−2 0.632
1.0×10−3 3.60×10−1 0.561 0.608 3.99×10−2 0.614
1.5×10−3 2.20×10−1 0.720 0.577 6.59×10−2 0.582
2.0×10−3 1.51×10−1 0.783 0.572 8.74×10−2 0.568
3.0×10−3 7.49×10−2 0.878 0.559 1.12×10−1 0.564
a∆Σ can be calculated only when δΣ < 0.5.
C. TEMPORAL CHANGES OF THE GAP PROPERTIES
To explore how the gap properties change with time, we select a model with hp/rp = 0.07, α = 1 × 10−3 and
Mp = 0.4MJ and measure the depth δΣ and width ∆Σ of the surface density gap and the depth δV and width WV of
the velocity gap at every 500torb starting from t = 500torb to 10
4torb. Figure 12 plots the resulting temporal variations
of (a) δΣ and ∆Σ and (b) δV and WV . The properties of the density gap converge to relatively slowly with time to
quasi-steady values reached at around t ∼ 8000torb. In this model, δΣ and ∆Σ at t = 103torb are about ∼ 1.6 times
larger and ∼ 0.7 times smaller than the values at t = 104torb, respectively. Interestingly, the gap properties in the
velocity profiles converge rapidly within t = 103torb: relative differences of δV and WV between t = 10
3 and 104torb are
only 1.3% and 0.22%, respectively. In our simulations, the density profile deepens secularly with time, while retaining
its radial gradient as well as the corresponding velocity profile intact.
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Figure 12. Temporal variations of (a) the depth δΣ and width ∆Σ of the surface density gap and (b) the depth δV and width
WV of the velocity gap in a model with hp/rp = 0.07, α = 1× 10−3 and Mp = 0.4MJ . In each panel, the blue solid (left axis)
and red dotted lines (right axis) draw the depth and width, respectively.
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